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Abstrat
We use a reently proposed measure of quantum orrelations (work deit) to measure
the strength of the nonloality of an equal mixture of two bipartite orthogonal but loally
indistinguishable separable states. This gives supporting evidene of nonzero value for a
separable state for this measure of nonloality. We also show that this measure of quantum
orrelations plaes a dierent order on the set of states, than the good asymptoti measures
of entanglement. And that suh a dierent order imposed on two states by the work deit
and any entanglement measure annot be explained by mixedness alone.
Quantum orrelations between separated parties an exhibit quite non-intuitive properties. And
the usual belief was that these non-intuitive properties are due to the entanglement between the
systems that the parties share.
It would not have been surprising therefore if even orthogonal multipartite states turned out to
be indistinguishable if the sharing parties were allowed to operate only loally. However it was
demonstrated that there exist sets of orthogonal produt multipartite states whih are indistin-
guishable if the parties apply only loal operations and ommuniate lassially (LOCC) [1, 2, 3℄.
This phenomenon of indistinguishability in the ase of a omplete orthogonal produt basis has
been alled `nonloality without entanglement' [1℄. Further it was shown that any two orthogo-
nal multipartite states an always be distinguished loally irrespetive of the entanglement in the
states [4℄. Later on it was also shown that for two nonorthogonal states, the optimal disrimi-
nation protools in the inonlusive as well as in the onlusive ases (in ertain ranges) an be
implemented loally [5, 6℄.
There is another twist to these results. Namely, the three maximally entangled states
ψ1 =
1√
3
(|00〉+ ω |11〉+ ω2 |22〉) , ψ2 = 1√
3
(|00〉+ ω2 |11〉+ ω |22〉) , ψ3 = 1√
3
(|01〉+ |12〉+ |20〉)
(where ω is a nonreal ube root of unity) in 3 ⊗ 3 are distinguishable loally. But if the third
maximally entangled state is swapped by the produt state |01〉, the states are indistinguishable
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loally [7℄. Therefore, not only is there `nonloality without entanglement', there appears to exist
`more nonloality with less entanglement' [8℄. All these results seem to imply that the onept
of nonloality (in the sense of loal indistinguishability of orthogonal states) is independent of
entanglement.
A set of multipartite orthogonal produt states whih are not distinguishable loally is learly
nonloal in some sense. It would be interesting to quantify the amount of nonloality of the set
[9℄. But sine the states in the set are produt, a measure of entanglement annot be used. The
average entanglement in any suh set is zero.
Meanwhile it was demonstrated [10, 11℄ that there exists two orthogonal separable mixed states
in 2⊗ 2 (ρ0 and ρ1) whih are indistinguishable loally, where ρ0 and ρ1 are given by
ρ0 =
1
2
P
[
|0〉 1√
2
(|0〉+ |1〉)
]
+
1
2
P
[
1√
2
(|0〉+ |1〉) |0〉
]
and
ρ1 =
1
2
P [|1〉 |1〉] + 1
2
P
[
1√
2
(|0〉 − |1〉) 1√
2
(|0〉 − |1〉)
]
,
with P [|ψ〉] = |ψ〉 〈ψ|. Therefore, intuitively speaking, a mixture of ρ0 and ρ1, although separable,
ontains traes of nonloality. And this leads us to onsider, in a quantitative way, the strength
of the nonloality that Alie and Bob possess when they share a mixture of ρ0 and ρ1. There has
been reent works [12, 13℄ proposing a measure of quantum orrelations (or nonloality), whih has
been indiated to be a broader notion than just entanglement. In fat, it has been argued there
that an unequal mixture of the pure produt states exhibiting nonloality without entanglement
[1℄ would probably have a nonzero amount of this measure of nonloality. It would therefore be
interesting to nd whether a mixture of ρ0 and ρ1 has a nonzero amount of that measure.
In this paper, we show that an equal mixture of the separable states ρ0 and ρ1, has a nonzero value
for the measure of quantum orrelations proposed in Refs. [12, 13℄, when we restrit to one-way
lassial ommuniation. This measure of quantum orrelations plaes a dierent order on the set
of states than the good asymptoti measures of entanglement. And suh dierent order annot
be explained by dierent amounts of mixedness of the states.
The proposed measure of quantum orrelations (alled `work deit') for any bipartite state ρ is
[12℄
△(ρ) ≡Wt −Wl.
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Wt(ρ) = n− S(ρ)
is dened as the amount of `work' that an be obtained by operations on the whole system. Here
n = log
2
(dimH), where H is the Hilbert spae on whih ρ is dened and S(ρ) is the von Neumann
entropy of ρ. On the other hand, Wl(ρ) is dened as the amount of `work' that an be obtained
if ρ is ated upon by LOCC. But sine one is dealing here with entropies, are must be taken so
that all entropies transferred via anillas are aounted for. To maximize the loal work Wl, one
an for example onsider the following strategy. Suppose the bipartite state ρ is shared between
Alie and Bob. Alie makes the projetion measurement on her part of the state ρ, in some
orthogonal basis {|i〉}. And let the state produed at Bob, when Alie's outome is |i〉, be ξi.
That is ξi = P [|i〉
A
] ⊗ IBρABP [|i〉A] ⊗ IB , where IB is the identity operator of Bob's part of
the Hilbert spae on whih ρAB is dened. For the outome |i〉 in Alie's measurement, the total
state is transformed into P [|i〉
A
]⊗ ξi
B
. We an think of this whole state to be at Bob's side, one
Alie has ommuniated her measurement result to Bob. We an therefore be sure of extrating
an amount of work equal to
n− S
(
1
nA
P [|i〉]⊗ ξi
)
by using the above loal protool, where nA is the dimension of Alie's Hilbert spae. One an
think of other strategies and we refer the reader to Refs. [12, 13℄ for a more detailed desription.
As we have already noted, this measure has been proposed to be a broader notion of nonloality
than just entanglement and it seems that there ould exist separable states whih produe a
nonzero value of this measure of nonloality. A potential andidate for suh an eet ould be a
mixture of ρ0 and ρ1. For deniteness, we onsider the equal mixture of ρ0 and ρ1:
ρ =
1
2
ρ0 +
1
2
ρ1. (1)
We see that Wt (ρ) = 2 − 1.81128 = 0.18872 (upto 5 deimal plaes). To nd Wl (ρ), one has
to optimize over all LOCC protools. If we restrit ourselves to projetion measurements on say,
Alie's side (without adding any anilla) and onsider only one-way lassial ommuniation (from
Alie to Bob), then the optimization over all suh protools yields
Wl = 2− 1.87852 = 0.12148
The orresponding optimal △ is 0.06724, whih is positive. However one an onsider positive
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operator valued measurements (POVM) (or what is the same, onsider projetion measurements
after adding an anilla (f. [14℄)) and there seems to be no indiation as to how many outomes
should be onsidered. One may also onsider protools with two-way lassial ommuniation. We
just remark here that the struture of the state ρ may lead one to believe that a POVM on the
states |0〉, |1〉, (1/√2) (|0〉+ |1〉) and (1/√2) (|0〉 − |1〉) would be the best POVM for extrating
the highest loal work Wl (and hene optimal △). However this measurement (supplemented
by lassial ommuniation) surprisingly yields a lower value of Wl = 0.09215 than the best
projetion measurement (with one-way lassial ommuniation). This seems to indiate that
projetion measurements produe the best value for △ when we restrit ourselves to one-way
ommuniation. This therefore supports the onjeture made in Refs. [12, 13℄ that there exist
separable states whih exhibit some form of nonloality, by produing a nonzero value of △ [15℄.
If the value of work deit △ is indeed nonzero for the state ρ given in eq. (1), one an make
interesting omparisons with this measure of nonloality with other entanglement measures.
There is an interesting work by Munro et al. [16℄ trying to nd a reason for the dierent ordering
being imposed on states by the entanglement of formation [17℄ and the (maximal) amount of
violation of Bell inequality [18, 19, 20℄ (see also [21℄ in this regard). The demonstration of Werner
[22℄ that among mixed states there are ones whih are entangled and yet do not violate any Bell
inequality, along with the nonexistene of suh a phenomenon for bipartite pure states [23℄ (see [24℄
however) seems to indiate that mixedness ould explain this anomaly. This intuition has however
the following problem [25℄: there are states ρ1 and ρ2 suh that keeping their entanglement of
formation (EF ) equal,
EF (ρ1) = EF (ρ2),
but with
B(ρ1) > B(ρ2)
(B being the amount of violation of Bell inequality), one an have both
S(ρ1) > S(ρ2)
as well as
S(ρ1) < S(ρ2),
where S is either the von Neumann or the linearised entropy [26℄. Further results were obtained
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in Ref. [27℄.
If the value of the work deit △ is nonzero for the state ρ (of eq. (1)), it is possible to make suh
an exerise to see the role played by mixedness in an ordering of states by △ and the measures of
entanglement.
Let us take
ρ1 = P [a |00〉+ |11〉]; ρ2 = ρ
where ab 6= 0.
As ρ1 is always entangled while ρ2 is a separable state, we have
E(ρ1) > E(ρ2), (2)
with respet to any measure of entanglement E. Suppose now that the work deit △ for the
state ρ2 = ρ is nonzero, as we had tried to argue in this paper.
Now for pure states the work deit is exatly equal to the unique asymptoti measure of entan-
glement for pure states [12℄. And for the lass a |00〉+ b |11〉, this entanglement (and therefore the
work deit) ranges ontinuously from 0 to 1. Therefore there are dierent examples of the pair
{ρ1, ρ2} (for dierent values of a and b), for whih
△(ρ1) > △(ρ2)
as well as
△(ρ1) < △(ρ2)
holds.
But ρ1 has zero mixedness and so
S(ρ1) < S(ρ2)
with respet to any measure of mixedness.
Hene a dierent order between two states as given by their work deits and the value of any
entanglement measure annot be explained by their dierent amounts of mixedness.
Note that the preeeding disussion annot hold for separable states whih does not have a nonzero
value of the work deit.
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Note 1: Note here that for eq. (2) to be true, the entanglement E an be any measure of
entanglement, asymptoti or non-asymptoti.
Note 2: The above disussion shows, somewhat surprisingly, that the work deit of an entangled
state an be sometimes smaller than the work deit for a separable state.
The previous disussion shows that in a spei ase, the order of entanglement between two
states, does not imply any denite order among their work deit. And the onsiderations were
essentially of a restrited nature due to the fat that we were able to onsider the work deit
only in the situation where one-way lassial ommuniation is allowed (see the note added at
the end). However we will now show that suh a onsideration an be made generi by extending
the arguments in Ref. [21℄, even in the ase of asymptoti work deit under two-way lassial
ommuniation (two-way work deit).
Suppose that
E(̺1) ≤ E(̺2)⇔ △(̺1) ≤ △(̺2) (3)
is true for arbitrary states ̺1 and ̺2. Here E denotes any measure of entanglement whih is
dened for all states and redues to von Neumann entropy of the single-party redued density
matrix for pure states. In partiular, E an be any good asymptoti measure of entanglement
(see for example [28℄). And△ is now the asymptoti two-way work deit (where even POVMs are
onsidered in the loal measurements). Then following the argument in Ref. [21℄ (and remembering
the fat that asymptoti two-way work deit is equal to von Neumann entropy of loal density
marties, in the ase of pure states [13℄), one obtains that the ondition in eq. (3) for arbitrary
states ̺1 and ̺2, implies that (and also is implied by)
E(̺) = △(̺), (4)
for all states ̺. For mixed states, work deit is potentially a dierent measure of quantum
orrelations than the measures of entanglement. In fat, in this paper, we have tried to argue for
this onjeture. In any ase, there are good asymptoti measures of entanglement, whih dier for
mixed states, although they oinide on pure states. For example, distillable entanglement and
entanglement ost are provably dierent for ertain states [29℄. Two-way work deit annot of
ourse be equal to both of them. So there are examples of ̺ and E for whih the relation in eq. (4)
annot hold. Correspondingly, there will exist examples of pairs, {̺1, ̺2}, for whih the relation
in eq. (3).
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To onlude, we have disussed on the possible nonzero value of a reently proposed measure of
quantum orrelations (work deit) for an equal mixture of two separable states. These separable
states are orthogonal (mixed) states (in 2 ⊗ 2) and yet they are loally indistinguishable. The
disussion gives supportive evidene to the onjeture that there exist separable states whih
possess a nonzero amount of nonloality [15℄. We also show that a dierent order is imposed
on the set of states by good asymptoti measures of entanglement and work deit. And suh
dierent order annot be explained by the dierent amounts of mixedness in the states.
Note added:
After ompleting this work, we have shown [30℄ that the amount of work deit with one-way
lassial ommuniation (one-way work deit) for mixtures of Bell states (in 2 ⊗ 2) is additive.
Therefore the asymptoti one-way work deit is equal to the single-opy one-way work deit
for suh states. Furthermore, the optimal value of one-way work deit for mixtures of Bell
states, is attained for projetion-valued measurements (applied only on the system, i.e., anillas
are not required). The equal mixture of two separable states ρ (of eq. (1)) onsidered in this
paper, is a mixture of Bell states upto loal unitary transformations. Work deit (one-way or
two-way) is invariant under loal unitary transformations. Therefore the value of one-way work
deit (≈ 0.06724) for the state ρ, obtained in this paper by onsidering only a single opy of the
state and optimizing over projetion measurements only, is atually the asymptoti work deit
by one-way lassial ommuniation (where POVMs are also inluded in the measurement before
the lassial ommuniation).
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